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An Extended Version of the Regular Solution Model
for Stoichiometric Phases and Ionic Melts

HANS HARVIG

Royal Institute of Technology, S-100 44 Stockholm 70, Sweden

Following the principles outlined in a recent work by Hillert and
Staffansson general formulas for the integral and partial free energies
are developed for ionic melts and stoichiometric phases of the type
(Ay, Ag-Ap-Ap), (Cy, Cp--Cyo-Cp)e. A detailed derivation is
carried out for a phase (A;, A,, A), (Cy, C,). and applied to the case
where C, represents vacant sites in one of the sublattices.

Recently Hillert and Staffansson worked out a regular solution model for
stoichiometric phases and ionic melts holding for two elements in one
sublattice and two in the other. As there is a need for a model holding for a
greater number of elements in the lattices, equations for the integral and
partial free energies are derived for such cases using the principles outlined
in the work of Hillert and Staffansson.!

1. Representation of composition. The coefficients a and c in a stoichiometric
Pha'se (Al’ A2"'Ai"'An)a (Cl’ 02"'Cj"'0m)c
express the number of sites in each sublattice and for convenience one usually
chooses a + ¢=1. The number of moles n4; and nc, are related by the equation:

- Oy _ 21 (1)

a (¢

ne
where n, represents the size of the system.
In ionic melts the requirement of electroneutrality yields a similar relation:

ne=3 =z%" ()

where the quantities 1/a, represent the valences of the A;-atoms (e.g. cations)
and 1/c; represents the valences of the Cj-atoms (e.g. anions) and =, is the
number of equivalents.

It is usual to express the concentration of a certain element by its mol
fraction:

a;

nAi X an (3)
DY YDy o= 2mas+ 2N
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For an ionic melt the mol fractions often are defined separately for the cat-
ions and the anions:
Ya=nay/2na, Y < =”Cj/ chj (4)

Alternatively, one may take into account the valences of the ions, thus ob-
taining:
Na;/8y '”'Ai/ 3'1 ey / G ”Cj/ G 5)
ZnAi/ 8’1 ne chjl cj e

All these concentration parameters can be applied to the case of a stoichiometric
phase by putting all a; equal to a and a,ll ¢; equal to c. The following rela-
tionships are-then obtained:

a+c

Za=Ynr=Xu (6)

a+c
Zoy=Yoy=X¢y

(7)
2. Ideal entropy of mixzing. The model proposed by Temkin ? gives:
— Sueal | B = Smaln Ya;+ Sngln Yo (8)
or by dividing with the size of the system n, from eqn. (2):
=8\ R=3a,Zxln Ya+ 3¢,Z¢In Y (9)
3. States of reference. In our system
(A )a,(A:)a. (Al)ai (An)an(cl)m(cl)q (Ci )Cj (Cm)cm ‘

there is a natural reference state for each of the compounds (A;)s(Cj); form-
ing the system. The surface of the reference for the whole system thus cannot
be of a simple planar type. The surface of reference is instead chosen as follows:

Gurt=2 Zn 2 ZCjOG(Ai)ai(Cj)C! -

4. Power series representation of the excess free energy. According to a simple
regular solution model, the expression for the excess free energy should depend
upon the interaction between the various elements in each sublattice

n—1 n—i m—1 m-——j
= g ZAikZI ZnsriKamie t+ ; Ze 121 Zey+iKeyeyn (11)

fori+k<nand j+1<m.
The possible effect between the two sublattices may be described by the
following concentration dependence of the K-values:

Kanire= 2 ZoyLnjair (12)
Kcici’l'l: Z ‘ZAiLCjCjﬂAi (13)

The partial quantities of the free energy now can be derived from eqns. (9),
(10), and (11) using the fundamental relation:
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oG, G,
G(Ap)ap(%)cq =0, + <3ZAD> + (OZcq> Zx

G, G,
-SZ {
Z n (aZA,> zx 2 Zey (3ch) z

where the subscript Z, indicates that the contents of all the other components
are kept constant. The remainder of this paper will be limited to the case
where n=3 and m=2.

&. The integral and partial molar free energies in a phase consisting of three
cations and two anions. For the case of n=3 and m =2 the following expression
is obtained for the free energy by combining eqns. (9), (10), and (11):

3 2 o .2 3—i 2
Gn= 2 Zna; 2. Ze°Ciapayeyey + 2. 2y kZl Zasry 2, ZieyLasaiSi

(14)

1 2—j 3
+ 2, Zg; 12 Zciyy 2, ZaiLejey+iti +
=1 ;

BT [ S aZain Yot 50Zcin Yoy | =
Z 2, G e, + ZaZe,Giaa e, + ZnLe, G, ce,
+ ZaZc, Giaaycie, + ZaZc, Giagache, +
ZA,ZC,OG(A,)a‘(c,)C_ +ZaZaZic LanS + ZaZinZoc LiaaS + ZaZinZoc Liaao
+ZaZaZe LaaC +ZnZinZicLaaS + ZaZaZic, Lina™
+Ze Zic,Za Lo oM + Zic Zic,Zin Lo e 2 + Zic,Zic,ZiaLic,c
+ RT(8,ZaIn Ya,+85Za]In Ya,+83Z4In Ya,+
¢, ZeIn Ye,+ cgZcIn Ye,) (15)
Eqgn. (14) now gives the expressions for the partial free energies:

Giava e, = "Ciana, e, + Za,Zc,(4Gn, — 4G4,) +

ZaZc(4Ga,~ 4Gx) + RT[a;In ¥, +c)ln Yo ]+

EG(aa,Ce, (16)

where
EQ(aa e, = ZaZe[Laa — Laa S+ Lee — Lo, +

ZaZic [ Liaa, — LS+ Lo — Lo+ Za2Laa,S +

Zie 2L+ ZaLanS + a2 2[Ln a5 — Laa S+

Za2Zc 2[LaaS — LaaSt )+ Za, 2,2 2[ Lec A — Le e, M) +

ZpZc22[ Lo — Lo, ]+ Za,Za[ LaaS 4 Laa, — Laa%]
+ZaZaZe,2[LaaS — LaaSt — LaaS — Laa,S + Laa,S + Laa%] (17)
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A4Q,,, AGa, and 4G, are defined as follows: :
4G, =Caja cie,— Ciapaicre, (18)

AGa,="Fiae e, — “Fiaga,Coe, (19)
4G, = Ca ), e, — "Fiaya,c)e, (20)

The corresponding expressions for the partial free energies of the other
five possible compounds are obtained by replacing the coefficients of eqn.
(16) with those of interest.

6. Application to an interstitial and substitutional solution with three elements
in the substitutional and one element and vacancies in the interstitial lattice.
As shown in the preceding paper,! an interstitial solution can be treated as a
stoichiometric phase if the vacant interstitial sites are treated as a component.
We shall here consider the case where there are three components in the other
sublattice. The phase may thus be denoted as (A, A,, A,),(C, V). The partial
free energies of such a phase can be obtained from eqn. (16) by the insertion
of a=a,=a,=a4 and c=c,=c,. However, it should be remembered that mol
fractions are usually calculated without regarding the vacancies as a com-
ponent. The relation between the mol fractions and the other concentration
para,m};aters will not be given by eqns. (6) and (7). Instead the following rela-
tions hold

X
ZA[ YAi— '-'—AX}C (21)
a .Xc
Zo= c—-—l Xz (22)
T a Xc
Zv—Yv—l—'-'(;T:_--Tc (23)

Furthermore, in order to make the free energy expressions hold for one
mole of real material, they must be multiplied with (1 —Xc)/a. The quantity
(G(ay)ev.)/a is the partial free energy of a compound composed of A, in the
substitutional sublattice which in fact means the partial free energy of pure
A,. In order to obtain the partial free energy for the interstitial element we
can consider the addition of (A;),C./c and the simultaneous removal of
(A)),V /e, thus obtaining

- 1 — _
Ge= < (Giapace — Giapave) . (24)

Three alternative expressions of this kind are obtained for i=1, 2, and 3,
respectively. The reference state of C thus could be defined as the correspondlng
difference between the reference - states of the compounds, (°Giay,c.—
°Gapave)/c. However, for convenience, we choose as the reference state this
difference plus-the constant Lcvi describing the interaction between C and
vacancies . in the interstitial sublattice when there is only A; in the other
sublattice. The reference state for C then will be:’
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(CGapace — *Giapave) /e + Levhife (25)

Principally, we can choose any value of i in defining the reference state for C
but it is most suitable to choose the alternative corresponding to the base
element (A,). The following expressions for the integral and partial quantities
are now obtained:

OG OG . OG
Gm =X A, (Aa:).avc + XA, (Aa:)avc + XA, (Aa:)avc +

X Gagace = Guagave | XaXe [4Ga,— 4G+

C (1 - Xc)()
XA.XC
(—IT(;)C [4Ga,— AGA )+ RT[XaIn Y5, + XaIn Y, +XaIn Y]+
RT[Xdn Ye+ (% —Xe “-%”ff) In(1— Y] +56., (26)

where
afG, =X aYceY alaa+XaYcY aLaaC+ Xa,(1=Yc)Ya,Laav+
+Xa,(1=Ye)Ya,LaaV+Xa,YcYaLanS+Xa,(1—Yce)YaLanY
+ XAx;Yc(l - Yc)chA‘ + XA, YC(I - YC)LCVA’ +XA, Yc(l - YC)LCVA' (27)

Ga,=°Ga,+RTIn YA1+RT§1n(1 _Yo)+

1
5 (Y8, Y (468, — 4Gs, + Lan,¥ — Laa,S + Levhs — Lev™)

+ Ya,Yc(AGa, — AGa,+ Laa,Y — Laa,C + Loy — Ley?s)

+ Yal2LaaV+ Yal2LanaY+ Yc2Lov™ +

+ Ya2Y2[LaaCS—LaaY]+ Ya,2Yc2[LaaS—LanY]

+ Y, Yc22[LevAr — Lev] + Ya, Y c22[ Lev?s — Lev™] +
Ya,Ya[Laa,Y+LaaY—Laa ]+ Ya,Ya,Yc2[LaaY—Laat—
LaaY—Laa,Y+LaaC+LaaCl} (28)

Ga,=°Ga,+ BT In Y5, + RT ~In(1— Yo) +

1
a {Ya,Yc(d4Ga,— 4G, + Laa,Y — Laa,C + Lev® — Ley™) +

Ya,Yc(4Ga, — AGa, + Laa,Y — LaaC + LevA — Ley?) +

YalLoa Y+ Ya2LaaY+ Yce2Lovh+

Yal2Yc2[LaaC—LaaY]+ Ya2Yc2[LaaC—LaavY]+

YA, Yc22[Lev® — Lev®] + Ya, Y 22[ Loy — Lev™] +

YaYa[LaaY+Laa,Y —Laa¥)+ Ya,Ya,Yc2[LaaY -
—LaaS—LanY—Lana"+LaaC+Laat (29)
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Ga,=°Gs,+ RTIn Ya,+ BT "In (1- ¥o) +

1
5 {YAYc(4Ga,— AQr,+ Laa,Y — Laa S + LevA — LeyA) +

Yu,Yo(4Ga,— AGa,+ Laa,Y — LaaS + Ley® — Lev®s) +

+ Ya2LanV+ Yal2lan+ Yc2LlovA + Ya2Yc2[LaaS—LaaY]
+ Ya2Yc2[LaaS — Laa ]+ Y, YP2[LovA — LevA] +

+ Ya,Yc22[LeyA — Lev®) + Ya,Ya,[LaaY + LaaY — Laa Y]+

+7Y A, Y C2[LA‘A.V — LA,A,C —Laay - LA,A,V + LA,A,C + LA‘A,C]} (30)
Ge=° v lc_]
Ge="Gc+RTIn [1_ |+

1
5 {—2YcLevA+ Ya,(4Ga,— 4G, + Laa,C — LaaY + Ley?s — Lev®) +

Y, (4Ga, — AGa,+ Laa,C — LaaY + LevAs — Lov®) +

2Y A, Yo[LevA — Lev] + 2Y o, Y e[ LevA — Lev?] +

Yo [Laa¥ —LaaCl+ Ya2[Laa¥—LaaSl+
YaYa[LaaV+LaaV—Laa¥+LaaS—LaaC—LaaCl} (31)

The reference state for C is chosen as

1
°Ge= c (OG(Ax)acc _OG(A.)aVc + LCVAI) (32)

These equations will be used when studying equilibria where phases are
involved containing one base.element plus two more elements in the same
sublattice and one in the other sublattice, for instance alloyed austenites,
ferrites or non-stoichiometric carbides.
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